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Abstract 

In this paper, we study the existence of positive entire large and bounded radial positive solutions for the 
following nonlinear system 


f Sfei (A (D^mi)) + ai (|a;|) = p\ (|a;|) fi (^ 2 ) for a; £ , 

I Sk 2 (A {D^U 2 )) + 02 (|a;|) |Vu 2 |^^ = P 2 (|a;|) /a (ui) for a; e R^ . 

Here Sk^ (A is the fci-Hessian operator, ai, pi, fi, 02 , P 2 and /a are continuous functions. Our results 

give an answer of the question raised in m- 
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1 Introduction 

Explosive or bounded radial solutions of elliptic systems have been studied intensively in the last few decades (see 
among others Alves and Holanda [I], Handle and Giarrusso [5], Cirstea and Radulescu [S], Clement-Manasevich 
and Mitidieri [5], the author [S], De Figueiredo and Jianfu [S], Galaktionov and Vazquez m, Ghergu and 
Radulescu [11] , Lair and Wood [20] , Lair [22] , Peterson and Wood [26] , Quittner [27] and Zhang and Zhou 
[32] ). Most of these works have studied the foilwing system 

I Aui = Pi (|a;|) /i (M 2 ) for x G {N > 3), 

I Au2 = P2 (|a;|) /2 (mi) for x G {N > 3). 

Cirstea and Radulescu (5] (Theorem 1, p. 828)], proved that the system ([T]) has infinitely many positive entire 
large solutions provided that /i, /2 are positive locally Holder with exponent /3 G (0,1), non-decreasing and 
satisfying 

lim ^ = 0 for all constants a > 1. (2) 

t—^OO t 
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( 3 ) 


In their work, the weights pi, p 2 are positive, symmetric locally Holder functions in and such that 

poo pr poo pr 

/ t’^-^pi{t)dtdr= / t^~^p2 (t) dtdr = oo. 

Jo Jo Jo Jo 

In a subsequent paper, Ghergu and Radulescu [TTJ (Theorem 3, p. 438)] established the existence of solutions 
for 

Ami + |Vrti| = Pi {x) fi {U 2 ) for x G (JV > 3), 

Au 2 + IVM 2 I = P 2 (x) f 2 (wi) for X G {N > 3). 

They replaced the condition ([2]) with 


(4) 


(5) 


poo pr poo pr 

/ / eH^-^pi{t)dtdr = / eH^-^p2 (t) dtdr = 00, 

Jl Jo Jl Jo 

while keeping all other conditions on pi, /i, p 2 and / 2 . Moreover, they noticed althongh 
/i (t) = Vi, /2 (t) = t, Pi (r) = p2 (r) = 

doesn’t satisfy 0, the corresponding system has the positive entire large solution + I, \x\^ + 1^ Therefore 

it is only natural to weaken the assumptions ©• Inspired by this, our analysis, is developed for the more general 
nonlinear systems 


Sk^ (A {D'^ui)) +ai (|a;|) = pi {\x\) fi (^ 2 ) for xGR^ {N> 3), 

Sk^ (A {D‘^U2)) + 02 (|a;|) |Vm 2 |^'' = P2 (|a;|) /2 (ui) for x gR^ {N> 3), 


( 6 ) 


where oi, pi, fi, 02 , P 2 , /2 are continuous functions satisfying certain monotonicity properties, ki,k 2 G {I, 2,..., N} 
and Ski V i)) stands for the fc^-Hessian operator defined as the sum of all ki x ki principal minors of the 
Hessian matrix D^Ui. The following well known operators 


Operator: Laplacian 

Monge-Ampere 

Si (A (^D^Ui)) — Aui = div {Vui) 

Sn (a (D'^Ui)) = det (D'^Ui) , 


are special fci-Hessian operator. 

The system ([6]) has been the subject of rather deep investigations since it appears in many branches of applied 
mathematics (for more on this see the papers of Bao-Ji and Li [4], Salani [29], Ji and Bao [19], Viaclovsky 
and Zhang and Zhou [5^1. 


2 The main results 

We work under the following assumptions: 

(PI) 01,02 : [0,oo) —>■ [0,oo) and pi,P 2 ■ [0, 00 ) —>■ (0,oo) are spherically symmetric continuous functions 
(i.e.. Pi (x) = Pi (|a;|) and oi (x) = ai (|a;|) for i = 1, 2); 

(Cl) /i, /2 : [0, 00 ) —>■ [0, 00 ) are continuous, increasing, fi (0) > 0 and fi (s) > 0 for all s > 0 with i = 1, 2; 
(C2) there exist positive constants ci,C 2 , the continuous and increasing functions hi, /12 : [0,oo) —>■ [0,oo) 
and the continuous functions pi, Tp 2 ; [0,oo) —>■ [0,oo) such that 

< Cl III (ti) ■ Tpi (wi) y wi > 1 and V ti > Mi ■ f^^'^ (a), 

< C 2/12 (^ 2 ) • ^2 (^ 2 ) V UI 2 > 1 and 'i t 2 > M 2 ■ (6), 


fi {h ■ wi) 
f2 {t2 ■ W 2 ) 
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(7) 

( 8 ) 








where Mi and M2 are 


Ml 


If b>fl/^^{a), 

J2 \^) 

1 tf b< (a), 


and M2 = 


717^ */ a > ( b ), 

1 if a < fl'^^ (b ), 


and a,b € ( 0 ,00); 

(C 3 ) there are some constants Ci,C2 S ( 0 , 00) and the continuous functions : [ 0 ,oo) —>■ [ 0 ,oo) such 

that 


fi (miwi) > Cip^ (wi) V wi > 1 , 
/2 {m 2 W 2 ) > £2^2 ('^2) V ^2 > 1 , 


( 9 ) 

( 10 ) 


where mi = min (a)| and m2 = min |a, /i^*^ (&)|- 


Remark 1 Examples of functions satisfying (C 2 ) and (CS) are further discussed in the book of KrasnoseVskii 
and Rutickii m (see also Gustavsson, Maligranda and Peetre M)- 

Throughout the paper, we use the following notations 


Co 

cr (6 

G2- (6 
^1.2(7-) 


P-ip (r) 


C24 {r) 

£2,1 (r) 
Hi,2 (r) 


Pi,2 (00) 
Hi,2 (00) 


{N - 1 )!/ [fci!(fV - fci)!], Coo = {N- 1 )!/ [fc2!(lV - ^2)’] 

^^ a 2 {t)dt />\ — fN—l f( cfzt ^ a 2 {t)dt 


Coo 

Cki-N 


g Jo Coo" ^ _ ^«-igJo coo'^ P2if) y 

s - Jf J-t’‘^-^ai(t)dt r^+ cN -1 ff ai(t)dt /gx 

—e Jo '^0 ' ' , GJ (^) =f eJo o7o ^ 

^0 

[[Gfiy) ret mi (l + [ (Gfiz) r Gt{f)d0^dz]dt]P^My, 
J^Gf (y) G+ it) (^1 + j\Gf iz) G+ (0 dmdz^ dt]G'^My, 
/"[Cr iy) rG+(t)^ 2 fl+ tiGfiz) r G+if)d0^dz]dt]G'^^dy, 

J\gI iy) G+ it) ^2 (1 + j\Gf (^) G+ (0 dtjC'^^dy, 

Cl Cl 

/ —^^-rdt, H2 1 (r) = / —^- 7 -^- ^dt, 

Ja (Mi/ 2 '/'=^ (t)) ’ A (M 2 /y"j (t)) 

lim Cl,2 (r) , C2,i (00) = lim P2,i (r) , Ci 2 (00) = lim Pi 2 (r) , £2 1 (00) 

r—^oc r—>-oo ’ r^oo ’ ’ 

lim Hi,2 (s) and H2,i (00) = lim H2,i is). 


= lim £2.1 (r), 

r—¥oo 


Our main results are summarized by the following theorems. 

Theorem 1 Assume that iJi,2 (00) = M2.1 (00) = 00 and (PI), hold. Furthermore, if fi and £ satisfy the 
hypotheses (Gl) and (C 2 ) then the system has at least one positive radial solution 

(mi, M2) S C^ ([ 0 , 00)) X C^ ([ 0 ,00)) 

with central value in (a, 6 ). Moreover, the following hold: 

1 . ) If Pi,2 (00) < 00 and P2.1 (00) < 00 then limj._>oo Ui ir) < 00 and limr^oo M2 (t’) < 00. 

2 . ) If in addition, fi and £ satisfy the hypothesis (G 3 ), £1,2 (00) = 00 and £21 (00) = 00 then 

lim Ml (r) = 00 and lim M2 (r) = 00. 

r—>-oo r—>-oo 
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3 .) If in addition, /2 satisfy the condition UOl) . Pi^2 (oo) < oo and P_2 i (oo) = ^ then linir^oo ui (r) < oo 
and linir^oo U2 (r) = oo. 

4--) If in addition, fi satisfy the condition m, Pi.2 (oo) = oo and P 2 ,i (oo) < oo then limr_>.oo mi (r) = oo 
and limr_).oo U2 (r) < oo. 

Theorem 2 Assume that the hypothesis (PI) holds. Then, the following hold: 

i. ) If (Cl), (C 2 ), (C 3 ), Pi^2 (oo) < Hi 2 (oo) < oo and P2,i (oo) < H2.1 (00) < 00 are satisfied, then system 
W has one positive bounded radial solution 

(ui,U2) e ([ 0 ,00)) X ([ 0 , 00)), 

with central value in (a, b ), such that 

I a + Ci^''^Pi^2 (r) < ui (r) < Hfl (cy''"Pi^2 (r)'j , 

I 6 + C2^''"£2,i (^) < “2 (r) < Hf l {cy’"^P2.,i (r)j . 

ii. ) If (Cl), (C 2 ), ( 0 ), Hi 2 (00) = 00, P_i 2 (00) = 00 and P2 1 (00) < i?2,i (00) < 00 are satisfied, then 

system m has one positive radial solution 

(ui,U2) G ([ 0 ,00)) X ([ 0 , 00)), 

with central value in (a, b), such that linir^oo ui (r) = 00 and lirtir—^oo U2 (r) <00. 

Hi.) If (Cl), (C 2 ), UlA) . P2.1 (00) = 00, H2P (00) = 00 and Pi^2 (00) < Hi 2 (00) < 00 are satisfied, then 
system has one positive radial solution 

(ui,U2) G ([ 0 ,00)) X ([ 0 , 00)), 

with central value in (a, b), such that linir^oo ui (r) < 00 and liirir^oo U2 (r) =00. 


Remark 2 Let 


M+ = 


sup / (Gi (z) / G 7 (s) ds)''^dz and M2 = sup 
*6(0.00)70 Jo *e[0.oo) 


/ (Gfiz) / Gtis)ds)^dz. 
'0 Jo 


The following situations improve our theorems: 

a) //M+g (0 ,00) then the condition is not necessary but H12 (r) must be replaced by 

r 1 

Hi 2 (r) = / —: -7-^- ^dt. 

7a (Mi (1 + M+) /2'/"M0) 

b) If M2 G ( 0 ,oo) then the condition is not necessary but H2.1 (r) must be replaced by 

-- rdt. 

2+)/^/"^ (t)) 

c) If M(f G ( 0 ,oo) and M^ G ( 0 , 00) then the conditions & and (0) are not necessary but H12 (r) and 
H2 ,i (r) must be replaced by 



Hi,2 (r) = f 

J a 


(Mi (1 + M+) / 2 '/"= (i)) 


dt and H2 


.1 (0 = f 

Jb 


fl''^^ (m2(1 + M+)fG’^^ (t)) 


dt. 


d) If mi > 1 then £1 = 1 and (p^ = /i- 

e) If m2 > 1 then £2 = 1 and = f2- 

f) If mi > 1 and m2 > 1 then £i = £2 = 1 ? = fi and (p.^ = /2. 
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Remark 3 We note that we can have the following situation 

Hi 2 {oo) = oo if and only i/R2,i (oo) = oo, ( 11 ) 

as the nonlinearities satisfying show. On the other hand we can construct an example such that lll\) is not 
true. 


Remark 4 Using the reference and working as above we can obtain similar results, as in Theorem [ 7 ] and 
Theorem\^ if the nonlinearities fi, f2, hi and ft.2 o-re assumed to satisfy the conditions of the Keller-Osserman 
type 



- ds < oo, 

"^^i/iki + l)Johl/^^(cif^/^^ {s))ds 



- . ds < oo, 

"^*^{k2 + l)S^hy^^{c2fl'^^ {.s))ds 


( 12 ) 


but the results will not be so strong as here. There are, some differences! 


3 Proofs of the main results 

In this section we give the proofs of Theorems [T][ 2 l The first important tool in our proof is a variant of the 
Arzela-Ascoli Theorem. 

3.1 The Arzela-Ascoli Theorem 

Let ri,r2 £ M with ri < r2 and {K = [ri, r2], dx (x, y)) be a compact metric space, with the metric dx (x, y) = 
\x — y\, and let 

C ([ri, r2]) = {g : [ri, r2] —^ M is continuous on [ri, r2] } 
denote the space of real valued continuous functions on [ri,r2] and for any g £ C ([ri,r2]), let 

llslloo = max Ig (a;)I 
x&[ri,r2\ 


be the maximum norm on C ([ri,r2]). 

Remark 5 If d(^g ^ ix),g^ (a;)) = (a:) — 5 ^ (a;) 11 go ^■ken (C ([ri, r 2 ]), d) is a complete metric space. 

Definition 1 We say that the sequence {5n}„gf^ from C ([7’i,r2]) is bounded if there exists a po.sitive constant 
C < 00 such that ||gra(a;)||go < C for each x £ [ri,r2] (. Equivalently: \gn{x)\ < C for each x £ [ri,r2] and 
n £ W). 

Definition 2 We say that the sequence from C ([ri,r 2 ]) is equicontinuous if for any given e > 0, there 

exists a number S > 0 fwhich depends only on e) such that 

\gn (x) - gn{y)\ < e for allneN 

whenever dx (x, y) < S for every x,y € [ri, r2]. 

Definition 3 Let {grt}„gi!} be a family of functions defined on [ri, r2]. The sequence {gnlngpj converges uniformly 
to g {x) if for every £ > 0 there is an N (which depends only on e) such that 

\gn (x) — g (a:)I < e for all n > N and x £ [ri,r2]. 

Theorem 3 (Arzela-Ascoli theorem) If a sequence in C'([ri,r2]) is bounded and equicontinuous 

then it has a subsequence {gnk}keN "xhich converges uniformly to to g (x) on C ([ri, r2]). 
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Proof of the Theorems [T] and Recall that 

forre( 0 ,R), 


X[D^u{x)) = 


Sk{X{D^u{x))) = 


(r( 0 ),r( 0 ),...,r( 0 )) forr = 0 

C%-M"{r) (^)+ C%-_\^ (^)' for r G ( 0 , R ), 

C%{e{ 0 )f forr = 0 , 


where for r = \x\ < R, u{x) = i{r) G [ 0 ,i?) is radially symmetric with ^^( 0 ) = 0 and C'^l\ = [N — 
1 )!/ [(fc — 1 )!(A^ — fc)!] (see, for example, [TH] or [IS]). 

We start by showing that the system dS]) has positive radial solutions. Therefore it can be reduced to 


C 


fci-i 

N-l 


^N-l 


Co*"' =^JV-ig/o'' Jo*"' '“'^*^%i(r)/i(u2(r)) for r > 0 , 




k 2 


(u'2 (l 


= j.N-1^1; ^a 2 (t)dt 


P2 (r) /2 (ui (r)) for r > 0 , 


( 13 ) 


u'l (r) > 0 and U2 (r) > 0 for r G [ 0 , 00), 
ui ( 0 ) = a and U2 ( 0 ) = b. 

The solutions of (fT!T 1 ) can be obtained by using successive approximation. We define the sequences and 

on [ 0 ,oo) in the following way: 

Ui = a,U2 = b for r > 0 , 


J-T {r)=a + /J’ 
(r) = b + f; 


G2(i)foGt (s)fi(ur'(s))ds 


1 i/fci 


GT (t)f^Gt(s)f2(uT(s))ds 


1 1/^2 


dt. 


( 14 ) 


dt. 


We can see that and {u™}™-' are non-decreasing on [ 0 ,oo). To do this, let us consider 

rt n l/'^i 




— Cl -\- 


^ CL 


f" 

G2 it) / 

'0 


f 

G2- it) / 

'0 


f 

G2- it) / 

'0 

^0 


dt 


-I 1 //C 1 


dt 

1 i/fei 


dt = u\ (r). 


This implies that 

u\ (r) < uf (r) which further produces U2 (r) < uf (r). 

A mathematical induction argument applied to (11411 show that for any r > 0 

uT (^) ^ (r) and u™ (r) < (r) for any m G N, 

i.e.,{u(J}”'-^ and are non-decreasing on [ 0 , 00). We now prove that the non-decreasing sequences 

and are bounded from above on bounded sets. Indeed, by the monotonicity of and 

we have the inequalities 


g-(fei—1 
^N-l 




g'lfc 2 —1 


fcl 
N-k 2 


[«(r))'] ' = G+(r)/i W) < G+(r)/i (u-(r)), ( 15 ) 


fo 2 (i)di 


(?-)) 




= G+(r)/2«W)- 


( 16 ) 
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Integrating (ITSl) leads to 


«(r))' = 


< 


G^ir) f Gt (t)/i«-i(t))dt 

Jo 

G^{r)[ Gt{t)h{u^{t))dt 


= [G2 (.r) / G^{t)fi[b+ (Gi (z) / Gt (s) /2 (m™ (s)) ds) '== dz dt] '=1 


< [G2 (r) / G+ it) h lb + iu^ it)) / (Gr (z) / G+ (s) ds)^dz ) dt]^ 

^0 \ JQ Jo 


< {G^ (r) r G+ it) h ( « W) • ,,, + /Vr (z) G+ (s) ds)^dz] ) dt}^ 

Jo \ f^' iu^ it)) Jo Jo 


< {G2 ir) I Gj it) fi I iu^ it)) ■ [ ^ l + / (Gi (z) / G;;^ (s) ds) *=2 dz] ) dt}G 

< {G 2 if) Gj (t)/i (u™(t)) [1+ ^ (GJ“ (z)^ G:;^ (s)ds)^dz]^ dtj’t 

< [G^ (r)ci/ii (uf (r))) J Gj (t)^i (^ ”'" / (s) c^s) ^ 

= (r)))cy'''[G^(r)^ Gj (t)^ (GJ" (z) ^ G:;^ (s) ds)^dz^ dt]^. 

Arguing as above, but now with the second equation (1161) . we obtain 

1 l/fe2 


i<ir)r = 


G)ir) rGtiz)f2iuTiz))ds 
Jo 


< d2= WW)jc 2'[Gi M J Gn<)(/52(^1 + J (G^ iz) J Gj (s) ds) *=1 dz ) dt]'=2(18) 

Combining the previous relations we obtain 

{uT ir))' 


(^Mi/2'“^ iuT ir)) 
juT jr))' 

hf (M 2 ffi iuTir)) 


< c 


1' [G2 ir) G+ it) ip^(^l + (Gi (z) G+ (s) ds) ''2 dz^ dt] '='1, ( 19 ) 


< c^^G^ir) / G+(t)^2 1 + 


(G2 (-z) J G2 is) ds) '=1 dz^ dt] *^2. (20) 


Integrating the inequalities (IT^ and (l 20 ll . we obtain 


’(r) 


Ja (Mi/ 2 '/'== (t)) 

We then may write 


dt < Cl '^Pi.2 ir) and 


ddi,2 iuT ir)) < cy'‘^Pi,2 (r) and id2.i (w™ (r)) < C2^''^P2,i (r), 


lb [M 2 fl'^^ it)) 


dt < C2^'^P2,\ ir) ■ 




( 21 ) 


which plays a basic role in the proof of our main results. Since idoo is a bijection with the inverse function Id, 
strictly increasing on [0, 00), the inequalities (|21|) can be reformulated as 


-1 

00 


< ir) < Mil {cT^Pxa (O) and < (r) < {c)I^^P-2^ ir )) ■ 


( 22 ) 
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So, we have found upper bounds for 

and 

which are dependent of r. We are now ready to give a complete proof of the Theorems [TJ^l 

Proof of Theorem [T] completed: We prove that the sequences and are bounded and 

equicontinuous on [ 0 ,co] for arbitrary cq > 0 . We take 

Cl = (cl/"^Pi.2 (co)) and C2 = (cq)) 

and since (m™ (r)) >0 and (u™ (r)) >0 it follows that 


w™ (r) < (cq) < Cl and w™ (r) < (cq) < C2. 


We have proved that {u™ and {u™ are bounded on [ 0 ,co] for arbitrary cq > 0 . Using this fact 

in (II3 and m we show that the same is true for (u™ (r))^ and (u™ (r))^ By construction we verify that 

(uT (r))’ = 1 -^^j 


< 


< 


< 


^ki—N^N — 1^ fo Cg 


Cn 


_ \ l/'^i 

- / Pi (t) e-^0 


Ibi 


fci-l -/J" ^ailslds+ZJ" ^s''i Ci(s)ds 




1 /fei 


' lbi|lo./i(C 2 )r^^-^ 

Cn 


Co 


dt 






i/ki 


< Co Ibill^''" /y'"' ((^2) Co on [ 0 , Co]. 

Now we turn to (it™ (r))'. A similar argument shows that 

(u^ (r))' < Cob'/'^^ Ib2||^'== (Cl) CO on [ 0 , co] . 


Finally, it remains to prove that {it™ and (it™ are equicontinuous on [ 0 , co] for arbitrary cq > 0 . 

Let Cl, £2 > 0 be arbitrary. By the mean-value formula we then deduce that 

\uT (a;) (J/)I = \{uT (Ci))'| \x-y\< Co”^/'"' Ibilli^'^' (C2)co \x-y\, 

\uT (x) - uT (y)j = 1 ( 11 ^ (^2))'! \x-y\< Cob'/'^^ \\P2\C^ (Cl) CO \x-y\, 

for all n G N and all x,y G [ 0 , coj. So it suffices to take 

^1/^1 

Oq £1 


>1 


51 = 


lbi||Ufei/yfci (C2)co 


and 62 = 


/~Plki 
C-QO £2 


lb2||^'=V2/''^ (Cl)co 


to see that (it™ (c)}™“^ and (it™ (r)}"*-^ are equicontinuous on [ 0 ,co]. We now conclude immediately with the 
help of Arzela-Ascoli theorem, possibly after passing to a subsequence, that the sequences{it™}bb\ converges 
uniformly to ^ P) ^oji in the norm C [ 0 , cq]. At the end of this process, we conclude, by the arbitrariness 

of Co > 0 , that (ui, 1(2) is a positive entire solution of system ([ 5 ]). The solution constructed in this way is radially 
symmetric. Going back to the system ©, the radial solutions of m are solutions of the ordinary differential 
equations system db]). We conclude that radial solutions of m with Ml ( 0 ) = a, M2 ( 0 ) = b satisfy: 


1 m>l 


U2 (r) = 


b + J fee (y) J Cb (t) /2 {ui (t)) dtj dy, r > 0 . 


l/fcl 


dy, r > 0, 

(23) 

l/fc2 


dy, r > 0. 

(24) 
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Next we prove that all four statements hold true. 

1. ): When Pi 2 (00) < 00 and P 2 ,i (00) < 00, using the same arguments as (1^ . we find from (1^ and (IMl) 
that 

ui (r) < H^2 Pi,2 (00)^ < 00 and U2 (r) < H^i (00)^ < 00 for all r > 0 , 

and so (iti,U2) is bounded, which completes the proof. We next consider: 

2 . ): In the case 2 (^) = P-21 (00) = 00, we observe that 


Ml (r) = a+ G2 (t) / Gj (s) /i (u2 (s)) ds 


dt 


= a 


+ [ [G2 (y) [ (t) fi (b+ [ (Gi (z) f Gf (s) f2{ui{s))ds)'^2dz] dtj'^idy 

Jo Jo \ Jo Jo / 


> a+ {G2 (y) / Gt (t) fi i [b + f2^ (a) (Gi (z) / G^ (s)ds)'“2 dz] ) dt}*=1 dy ( 25 ) 


> a+ / {G2 (y) / Gj(t)/i ( TOi • [ 1 + / (Gi (z) / G)^ (s) ds)'=2 dz] dt}'=1 dy 


> a + / [G2 (y) / GJ (t) ci^^ 1 + / (^) / (■s) 1 dt] *=1 dy 


= a + cJ^'''Pi 2 (r). 
The same computations as in (I 25 |) yields 


U2 (r) > b + C2^ / [Gi (y) / G^ (t) ( 1 + 

7 o Jo 

= b + dJ^"P2A{r), 


{G2 (z) G+ (s) ds) ^ dz^ dt] ^ dy 


and passing to the limit as r —t 00 in ( 1251 ) and in the above inequality we conclude that 

lim Ml (r) = lim M2 (r) = 00, 

r—¥oo r—)-oo 

which yields the result. 

3 .): In the spirit of I.) and 2 .) above, we have 


So, if 

we have that 


Ml (r) < Pi,2 (ci^^^Pi,2 (00)^ < 00 and M2 (r) > b + C2^^^P2,i (^) • 


Pi,2 (00) < 00 and 1^2,1 (00) = 00 


lim Ml (r) < 00 and lim M2 (r) = 00. 

r—>00 r—>-oo 

In order, to complete the proof of Theorem [ 1 ] it remains to proceed to the 
4 .): In this case, we invoke the proof of 3 .). We observe that 


Ml (r) > a + Ci^^^Pi 2 (r) and M2 (r) < P2.1 (r)) . 


Our conclusion follows now by letting r —>■ 00 in 

Proof of Theorem completed: 

i.) Combining (I^Tl) and the conditions of the theorem, we are led to 

H1.2 (m™ (r)) < cy''^Pi,2 (00) < cy''^Pi,2 (00) < 00, 
P2,1 (m™ (r)) < cy^^P2,i (00) < cy^^P2.i (00) < 00. 


( 26 ) 
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On the other hand, since ^ is strictly increasing on [0, oo), we find that 

(r) < (oo)^ < 00 and w™ (r) < H 2 I ( 00 )^ < 00 , 

and then the non-decreasing sequences {u^ and {u™ are bounded above for all r > 0 and all 

m. Combining these two facts, we conclude that 

(u™ (r), u™ (r)) —>• (ui (r), U 2 (r)) as m —>■ 00 

and the limit functions mi and U 2 are positive entire bounded radial solutions of system (ED- 

ii.) and iii.): For the proof, we follow the same steps and arguments as in the proof of Theorem[TJ 
Acknowledgement. The author would like to thank to the editors and reviewers for valuable comments 
and suggestions which contributed to improve this article. 
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